Preliminary Exam: Quantum Physics 1/19/2004, 9:00-3.00

Answer a total of SIX questions of which at least TWO are from section 1, and at least THREE are from
section 2. Put each of your solutions in a separate answer book.
Some possibly useful information:
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Section 1: Statistical Mechanics

1.1 Consider a quantum system of N independent particles that "live” in a volume V with energy levels
e =m!A/V, where m=0,1,2,...., and -1 < v < 1.

(a) What is the density of states a(e) for this system, if A is small enough to assume a quasi-continuous
spectrum? .

(b) Show that in the case of v = 0, the density of particles in the excited states (m # 0) is given by

N. In(l — 2)

14 BA
where = 1/kT is the inverse temperature and z = e is the fugacity of the system.
(c) Show that for v = 0 this system does not exhibit a Bose-Einstein condensation at any finite temperature.

1.2 In ferromagnets there exist quantized waves of magnetization called spin waves. The dispersion relation
for these types of waves is w = ck?, where c is a material constant.

(a) Show that the chemical potential, u, of the quanta of spin waves (we might call them ”Spinons” ) is zero.
(b) What is the spin-wave density of states a(w) in a three-dimensional ferromagnet?

(c) Find a power law for the low-temperature heat capacity due to spin waves of the form Cy = AT" (i.e.
determine the parameters A and v in terms of ¢, the volume of the ferromagnet V, and the number of spin
sites N).



'

1.3 Consider a system of classical hard spherical particles, each of volume b/8, enclosed in a volume V.

(a) What is the canonical partition function Qn(V,T) for this system? (Hint: Assume that the volume
accessible to the (k + 1)st particle is given by V — kb).

(b) Derive the equation of state of this system in the form of a virial expansion, retaining only the first and
the second term. (Hint: In(1 —z) = —z + O(z?).)

(¢) Briefly discuss how the assumptions made in parts (a) and (b) affect the validity of the results.

Section 2: Quantum Mechanics

2.1 (a) A single electron is prepared with its spin quantized in the positive y direction. The state is then
rotated through an angle 8 about the z-axis.

(1) What is the wave function of the rotated state?

(i1) Of what operator is the rotated state an eigenvector, and what is the associated eigenvalue?

(b) A beam of N electrons is prepared so that M of them have their spms quantized with spin up in the
y-direction with the rest of them being quantized with their spins down in the y-direction. What is the
density matrix for this system? What are the expectation values of the z, y and z components of the total
spin operator for this beam?

2.2 (a) Consider the vector potential A = (~yB,0,0) where B is a pure constant. What magnetic field does
A represent? ’

(b) An electron is placed in this magnetic field. Write down both the Schrodinger and Dirac equations for
this system.

(c) Make the non-relativistic reduction of this Dirac equation to obtain the Schrodinger equation and its
first relativistic correction. In particular determine the g factor of the electron.

A convenient representation of the Dirac matrices is given as:
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2.3 (a) A quantum-mechanical system has a time-independent Hamiltonian Hp and an eigenspectrum of
states |n) with energies E,. While in its ground state it is subjected to a time-dependent perturbation V'(t)
starting at a time ¢ = 0. Derive the first order probability for finding this system in any other of its states
at a later time {.

(b) Suppose the above system is a rigid rotator of moment of inertia I, Hamiltonian Ho = L2/21 and electric
dipole moment d, and that it is subjected to a perturbation

Vit)=—d- E(t)
due to a time-dependent external electric field
E(t) = 2Fpe™ /™
which points in the z-direction and which is switched on at time ¢ = 0. Determine to which of its excited

states the rotator can make transitions in lowest order in V'(t), and calculate the transition probabilities for
finding the rotator each of these states at time ¢ = oo

(c) If instead of being in its ground state, the rotator was in its first excited state at the time V(1) was
switched on, determine the states to which it would be able to make transitions. (For this part do not
calculate the transition probabilities.)



2.4 Consider the quantum mechanical creation and annihilation operators a! and a, which satisfy the fun-
damental commutation relations
[a, al] = A1

(a) Show that the ”coherent state”
loy = e—h|a|2/4 eouzf |0>
is an eigenstate of the annihilation operator a.

(b) Expand the coherent state |o) in terms of normalized eigenstates of the number operator, and hence
" determine the probability for the coherent state |} to contain n quanta.

(c) Show that the coherent state |o) is a "minimum uncertainty state”, in the sense that it saturates
the uncertainty principle bound for position and momentum uncertainties, where =z = (a + a')/v/2 and

p=—i(a—al)/V2.

2.5 Consider a nonrelativistic charged particle in the presence of an external classical electromagnetic field
with scalar potential ® and vector potential A.

(a) Write down the Schrodinger equation for this system, and show that the conserved probability current

density is
- b - e - - e = *
T= g ¥ (9-5A)»= ((9-24) ) ¥]

(b) Suppose there is just an external magnetic field, of constant strength B. Choose the gauge A= B(0,z,0)
and show that the solutions can be written as
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where ¢,, are the eigenstates of a one-dimensional -harmonic oscillator system with frequency w, = eB/mc.

(c) Describe the energy spectrum of the system in part (b).

2.6 (a) Derive the first Born approximation for the elastic scattering amplitude, stating clearly the relevant
assumptions. Note that the Helmholtz Green’s function G(Z, %) satisfying (V? + k?)G(Z,¥) = o(F — §) is
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(b) Suppose the scattering potential is radially symmetric: V = V(r). Show that the corresponding first
Born approximation for the scattering amplitude is

foam(®) = =5 [ arrV(r) siner)

where 4 is the angle between the scattered wave vector k' and the incident wave vector k, and & = ]l_c" — k.

(c) Consider "soft-sphere” scattering for which the potential is

Viry=W

, r<a ,

Viry=0 |, r>a .

Compute the first Born approximation for the cross sectizon. What is the leading low energy behavior of this
cross section?



