
scattering & elastic resonances 
from finite-volume field theory

Jo Dudek

1

EuropeanTwistedMassCollab. : arXiv:1011.5288    (ππ→ρ→ππ I=1)

HadronSpectrumCollab. (JLAB) : arXiv:1011.6352     (ππ→ππ I=2)



scattering & elastic resonances 
from finite-volume field theory

Jo Dudek

1

EuropeanTwistedMassCollab. : arXiv:1011.5288    (ππ→ρ→ππ I=1)

HadronSpectrumCollab. (JLAB) : arXiv:1011.6352     (ππ→ππ I=2)

or 
“why don’t you guys just 
calculate decay widths 

using lattice QCD”



2

scattering & resonances

experiment

da
ta

“t
he

or
y”

cross-section
resonance bump

“non-resonant”

Ecm

σ

e.g. elastic ππ→ππ



2

scattering & resonances

experiment

da
ta

“t
he

or
y”

cross-section
resonance bump

“non-resonant”

Ecm

σ

partial-wave amplitude

f�=1

Ecm

e.g. elastic ππ→ππ



2

scattering & resonances

experiment

da
ta

“t
he

or
y”

cross-section
resonance bump

“non-resonant”

Ecm

σ

partial-wave amplitude

f�=1

Ecm

e.g. elastic ππ→ππ

elastic phase-shift

Ecm



2

scattering & resonances

experiment

da
ta

“t
he

or
y”

cross-section
resonance bump

“non-resonant”

Ecm

σ

partial-wave amplitude

f�=1

Ecm

e.g. elastic ππ→ππ

Euclidean field theory

correlation function
�
0
���ψ̄γiψ

�
t

�
ψ̄γiψ

�
0

��0
�

e.g.

=

�
dE ρ(E) e−Et

spectra
l density

elastic phase-shift

Ecm



2

scattering & resonances

experiment

da
ta

“t
he

or
y”

cross-section
resonance bump

“non-resonant”

Ecm

σ

partial-wave amplitude

f�=1

Ecm

e.g. elastic ππ→ππ

Euclidean field theory

correlation function
�
0
���ψ̄γiψ

�
t

�
ψ̄γiψ

�
0

��0
�

e.g.

=

�
dE ρ(E) e−Et

spectra
l density

ρ

E

2m
π

�
dp̂ Y1(p̂)

��π(�p)π(−�p)
�

E(|�p|) = 2
�

m2
π + |�p|2

continuous pion momenta
⇒ continuous energy spectrum

elastic phase-shift

Ecm



3

in a finite volume ...

eip(x+L) = eipx

=⇒ eipL = 1

=⇒ p =
2π

L

�p =
2π

L
(nx, ny, nz)

spatially a cube with periodic boundary conditions (torus)

eip(x+L) = eipx

=⇒ eipL = 1

=⇒ p =
2π

L



3

in a finite volume ...

eip(x+L) = eipx

=⇒ eipL = 1

=⇒ p =
2π

L

�p =
2π

L
(nx, ny, nz)

n2 = |�n|2
En = 2

�
m2

π +
�
2π
L

�2
n2

spatially a cube with periodic boundary conditions (torus)

eip(x+L) = eipx

=⇒ eipL = 1

=⇒ p =
2π

L



3

in a finite volume ...

eip(x+L) = eipx

=⇒ eipL = 1

=⇒ p =
2π

L

�p =
2π

L
(nx, ny, nz)

n2 = |�n|2
En = 2

�
m2

π +
�
2π
L

�2
n2

spatially a cube with periodic boundary conditions (torus)

eip(x+L) = eipx

=⇒ eipL = 1

=⇒ p =
2π

L

ρ(E) =
�

n

An δ (E − En)
ρ

E

(100)
(110)

(111)
(200) ...

discrete allowed pion momenta
⇒ discrete energy spectrum



4

in a finite volume ...

in fact this spectrum only present for non-interacting pions

ρ

E

ππ interaction manifests itself as a shifting of the discrete levels

En = E(0)
n +∆E(“Vππ”, L)



4

in a finite volume ...

in fact this spectrum only present for non-interacting pions

ρ

E

ππ interaction manifests itself as a shifting of the discrete levels

En = E(0)
n +∆E(“Vππ”, L)

En = E(0)
n +∆E(δ(En), L)

Lüscher’s 
finite-volume
formalism

NPB 354 p531 (1991) 
NPB 364 p237 (1991) 



4

in a finite volume ...

in fact this spectrum only present for non-interacting pions

ρ

E

ππ interaction manifests itself as a shifting of the discrete levels

En = E(0)
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an example

suppose we could do calculations at the physical pion mass

we’d expect to see the ρ appear as a resonance in ππ

input the experimental ρ phase-shift in the “uninverted” 
equations to give the finite volume energy spectrum
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(210)

“ρ”

N.B. avoided level crossings
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an example

do the lattice calculation at finite volume(s)

Lüscher’s  finite-volume
formalism (inverted)

δ(En) = fn(En, L)
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two flavour dynamical lattices (no strange)

twisted mass formalism introduces some ‘oddities’ probably not 
important here

a = 0.079 fm (reasonably fine)

(a) (b)
(c)

(d)

one rho-like operator

one ππ-like operator

“noisy” correlator 
construction

variational analysis in a two-operator basis “lowest” two finite-volume eigenstates
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complications - higher spins
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P = 110 : A2 ( 1-, 3- ... ) , B1 ( 1-, 3- ... ) , B2 ( 1-, 3- ... )
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cubic symmetry (at best) ⇒ J not a good quantum number “irreps”

complications - higher spins

at rest : T1 ( 1-, 3- ...)
P = 100 : A2 ( 1-, 3- ... ) , E ( 1-, 3- ... )
P = 110 : A2 ( 1-, 3- ... ) , B1 ( 1-, 3- ... ) , B2 ( 1-, 3- ... )

multiple spins enter together in Lüscher formula:

ideally consider multiple irreps to determine effect of higher spins

(probably) not a big deal for the ρ
- tail of the ρ3 very small at ρ energy

will be important for other mesons
( π1 and π2 ? )
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ππ I=2 - a non-resonant example
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applying Lüscher method

assume δl>4 = 0 :    
A1+ → δ0 , δ4 
E+ → δ2 , δ4  

T2+ → δ2 , δ4
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mass-dependence
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Lüscher’s finite-volume formalism looks promising for elastic scattering

ETMC see good rho resonance signals at rest and in-flight

impressive first attempt

effect of higher spins ? probably small

JLab group pull out even very small I=2 energy shifts
for S & D wave scattering

effect of higher spins estimated small

JLab group working now on ππ→ρ→ππ and other channels first results this year (hopefully)

... inelastic resonances ?

scattering of J>0 particles think we have the formalism

suggestions for a formalism

start using our mπ~280 MeV dynamical lattices


